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We study cosmological perturbation theory within the framework of unimodular gravity. We show
that the Lagrangian constraint on the determinant of the metric required by unimodular gravity
leads to an extra constraint on the gauge freedom of the metric perturbations. Although the main
equation of motion for the gravitational potential remains the same, the shift variable, which is gauge
artifact in General Relativity, cannot be set to zero in unimodular gravity. This non-vanishing shift
variable affects the propagation of photons throughout the cosmological evolution and therefore
modifies the Sachs-Wolfe relation between the relativistic gravitational potential and the microwave
temperature anisotropies. However, for adiabatic fluctuations the difference between the result in
General Relativity and unimodular gravity is suppressed on large angular scales. Thus, no strong
constraints on the theory can be derived.
PACS numbers: 98.80.Cq
I. INTRODUCTION
Since the initial discovery by the High-z Supernova
Search Team and the Supernova Cosmology Project in
1998 [1, 2], additional experimental evidence has con-
firmed that the expansion of our universe is accelerating
today. This cosmic acceleration is considered to be one
of the most mysterious puzzles in cosmology. The sim-
plest interpretation, in the context of General Relativity
(GR), is that the accelerated expansion is induced by a
cosmological constant. However, the required value is
more than 120 orders of magnitude smaller than that
predicted by quantum field theory with a Planck scale
cutoff. Thus, the conflict between data (interpreted as
an upper bound on the cosmological constant) and the-
ory already existed before the discovery of accelerated
expansion in 1998. It is referred to as the “cosmologi-
cal constant problem” and has attracted attention over
decades with various solutions, see Refs. [3–9] for recent
reviews.
Unimodular gravity is an alternative formulation of the
gravitational theory initiated by Einstein himself nearly
one century ago [10]. Its basic idea is that the determi-
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nant of the metric is constrained to be a non-dynamical
variable. This requirement reduces the symmetry group
from invariance under the full group of diffeomorphisms
to invariance under the group of unimodular general co-
ordinate transformations (transformations which leave
the determinant of the metric unchanged). As a result,
the equations of motion governing the dynamics of space-
time are the trace-free Einstein equations, and in this
theory the vacuum energy has no direct gravitational ef-
fect - vacuum energy does not gravitate, and the cos-
mological constant is simply an integration constant of
the dynamics. Because of this property, it has been sug-
gested that the unimodular gravity theory may relieve
the huge discrepancy between the theoretical prediction
and the observed value of the cosmological constant in
General Relativity [3]. Motivated by this, unimodular
gravity has attracted the interest of theorists for years
and has been extensively studied in the literature (for
example see Refs. [11–31]).
Provided that the matter fields satisfy the continuity
equation, the cosmological background equations of mo-
tion derived in unimodular gravity are classically equiva-
lent to those obtained in GR plus an integration constant.
Hence, at the background level, cosmology governed by
unimodular gravity is degenerate with cosmology in GR
in the presence of a cosmological constant. Hence, these
two theories are almost indistinguishable in Hubble dia-
gram measurements and in most other dark energy ob-
servations.
The question arises, however, as to how unimodu-
2lar gravity and GR compare when cosmological inhomo-
geneities are taken into consideration. This is the issue
we address in this paper. Most current cosmological ob-
servations involve inhomogeneities and anisotropies, and
by comparing the evolution of fluctuations in the two
theories we can develop tools to distinguish them obser-
vationally. Thus, we here develop the theory of cosmo-
logical perturbations in unimodular gravity. The the-
ory of cosmological perturbations in GR has been well
studied in the literature and is comprehensively reviewed
in [32], and has proven to be very powerful in explain-
ing numerous observational facts concerning Cosmic Mi-
crowave Background (CMB) anisotropies [33] and Large
Scale Structure (LSS) [34].
It turns out that, compared with the standard pertur-
bation theory based on GR, that based on unimodular
gravity would have one less dynamical equation of mo-
tion. In exchange, one obtains an additional constraint
equation due to the invariance under unimodular coor-
dinate transformation. It turns out that the main equa-
tion of motion for the gauge invariant gravitational po-
tential (the Bardeen variable Φ [35]) is the same as in
GR, but the gauge freedom of unimodular gravity is less
than that in GR. Specifically, in GR there are two scalar
gauge modes which can both be set to zero in the confor-
mal Newtonian gauge; however, this gauge choice is no
longer possible in unimodular gravity. This is because
only one of the two modes can be set to zero, but not
both. The second mode should be determined by the
constraint equation in terms of the gravitational poten-
tial. This non-vanishing mode (we choose the gauge in
which it appears as the shift variable) does not change the
initial gravitational potential, but it does affect the prop-
agation of photons after decoupling. We study the Sachs-
Wolfe (SW) effect [36] and derive the relation between the
temperature fluctuations and the gravitational potential,
and find that it is modified in unimodular gravity. The
non-vanishing shift variable leads to an additional con-
tribution to the temperature anisotropies. However, this
extra contribution is suppressed on large angular scales,
and hence it does not appear as if interesting constraints
on unimodular gravity can be derived.
The paper is organized as follows. In Section II, we
briefly review the unimodular gravity theory and list the
equations of motion governing the background evolution
of the universe. Then in Section III, we study the dy-
namics of cosmological perturbations in this theory. In
particular, we consider matter to be either a single scalar
field or a single perfect fluid, and we study the gauge
degrees of freedom of the metric perturbations. After-
wards, in Section IV we apply the theory of cosmological
perturbations of unimodular gravity to the late time evo-
lution of the universe and study the SW effect that leads
to the relation between the temperature fluctuation and
the gravitational potential. By comparing with the result
in GR, we find an extra term in the SW effect that could
be used to distinguish unimodular gravity from GR. In
Section V, we summarize our findings and discuss the
results.
II. BRIEF REVIEW OF UNIMODULAR
GRAVITY
Unimodular gravity is a gravitational theory alterna-
tive to Einstein Gravity in which space-time is a Rieman-
nian manifold with a physical measure which is fixed by
observations. Specifically, in unimodular gravity the de-
terminant of the metric must obey a specific constraint.
The action of unimodular gravity minimally coupled to
matter fields is [18]
S =
∫
d4x
√−g
[
M2p
2
R+
M2p
2
χ(1− ξ√−g ) + Lm
]
, (1)
where R is the Ricci scalar of the physical metric gµν ,
Mp is the Planck mass, g stands for the determinant of
the metric and Lm is the Lagrangian of matter fields. χ
is a Lagrangian multiplier and ξ is a fixed function which
we take to be a function of time only. One can derive
the field equations of the above theory from the action
principle. The variation of the action with respect to χ
yields a constraint equation on the metric:
√−g = ξ . (2)
Moreover, the variation with respect to the metric gives
the Einstein equations
Rµν − R
2
gµν − χ
2
gµν =
1
M2p
Tµν , (3)
where we have introduced the stress-energy tensor Tµν as
usual. The trace of Eq. (3) determines the Lagrangian
multiplier to be
χ = −1
2
(R+
T
M2p
) , (4)
where T ≡ T µµ is the trace of stress-energy tensor. Sub-
stituting (4) back into (3) leads to the modified Einstein
equations
Gˆµν =
1
M2p
Tˆµν , (5)
with
Gˆµν ≡ Rµν − R
4
gµν , Tˆµν ≡ Tµν − T
4
gµν . (6)
Unlike the conventional Einstein Gravity where there
are 10 component equations, in unimodular gravity there
are only 9 independent component equations of mo-
tion due to the extra constraint on the determinant of
the metric. Thus one can not derive the conservation
equation for the stress-energy tensor of matter from the
3Bianchi identity as can be done in Einstein gravity. In-
stead, the conservation equation for the stress-energy
tensor
∇µT µν = 0 , (7)
has to be imposed as an independent assumption. Alter-
natively, one needs to derive the equations of motion for
matter from the variation of the matter field Lagrangian.
Recently, unimodular gravity is found can be resulted
from nonlinear theory of graviton self-interactions [30],
and the conservation of stress-energy tensor can be de-
rived from the Poincar invariance.
For illustration, in this work we will consider a universe
filled with either a single scalar field or a perfect fluid.
First we start with a detailed analysis of perturbations
in the case when matter is a single scalar field ϕ with
Lagrangian
Lm = 1
2
∇µϕ∇µϕ− V (ϕ) , (8)
with V being the field potential. The corresponding
equation of motion is the Klein-Gordon equation:
∇µ∇µϕ+ V,ϕ = 0 , (9)
where V,ϕ denotes the derivative of the scalar field po-
tential with respect to ϕ.
To study the cosmological implications, we start with a
spatially flat Friedmann-Robertson-Walker (FRW) met-
ric,
ds2 = dt2 − a2(t)γijdxidxj
= a2(τ)(dτ2 − γijdxidxj) , (10)
where t is cosmic time and τ is comoving time defined
by dτ = a−1dt. Note that the use of comoving time
usually simplifies the equations for cosmological fluctu-
ations and will hence be used in the following sections.
For completeness, we present the background equations
of motion in both frames.
In terms of cosmic time, from (5) we obtain the single
background equation of motion
H˙ = −4πGϕ˙2 , (11)
where the dot denotes the derivative with respect to t,
and H ≡ a˙/a is the Hubble rate characterizing the ex-
panding of the universe. From the above equation, one
can read off that the potential energy (and thus the vac-
uum energy) does not explicitly appear in this back-
ground equation. However, when combined with the
Klein-Gordon equation (9), one recovers the standard
Friedman equation
H2 =
8πG
3
(
1
2
ϕ˙2 + V ) + Λu , (12)
which allows for a constant of integration Λu that is
purely determined by astronomical observations. Based
on the fact that the scalar field potential does not appear
in the modified Friedmann equations one can argue that
the “old” cosmological constant problem (using Wein-
berg’s [37] terminology), namely the question as to why
the huge vacuum energy is invisible in cosmology, is re-
solved. The problem is replaced by the presence of a of
an arbitrary integration constant whose value has to be
fixed by observations.
The same background equation of motion (11) can be
reexpressed as follows
H′ −H2 = −4πGϕ′2 , (13)
when we transfer to comoving time. Here the prime de-
notes the time derivative with respect to τ and H = a′/a
represents for the comoving Hubble parameter. Addi-
tionally, the Klein-Gordon equation is given, in terms of
comoving time, by,
ϕ′′ + 2Hϕ′ + a2V,ϕ = 0 . (14)
III. COSMOLOGICAL PERTURBATIONS
In this section we develop the theory of linear per-
turbations in unimodular gravity about the cosmological
background. Since we are not breaking spatial rotational
symmetry of the background (since ζ is a function of time
only), we can, as usual, decompose the metric perturba-
tions into scalar, vector and tensor fluctuations, which at
linear order evolve independently. As we consider mat-
ter to be given by a scalar field or a perfect fluid, it is
only the metric perturbation of scalar type which at lin-
ear order couple directly to matter and hence are of most
interest (they will be the dominant fluctuations on large
scales in an expanding universe).
Following [32], one can express the FRWmetric includ-
ing scalar type cosmological perturbations as
ds2 = a2(τ)
[
(1 + 2φ)dt2 − 2B;idxidτ
− ((1− 2ψ)γij + 2E;ij)dxidxj
]
, (15)
where the subscript “;” denotes the covariant deriva-
tive with respect to the 3-dimensional spatial background
metric. There are four metric perturbation variables φ,
ψ, B, E which are functions of both space and time.
A. A universe filled with a single scalar field
First, we consider the case that the universe consists
of a single scalar ϕ which is perturbed by the field fluc-
tuation δϕ(t, xi). The perturbed Einstein equations of
unimodular gravity take the form
δGˆµν = 8πGδTˆ
µ
ν . (16)
4Performing a straightforward calculation, one obtains the
following non-vanishing component equations
ψ′′ +H(φ− ψ)′ + ∇
2
3
[
φ+ 2ψ −H(B − E′) + (B − E′)′]
= 8πGϕ′δϕ′ ,
ψ′′ +H(φ− ψ)′ +∇2[φ+H(B − E′) + (B − E′)′]− 2D,ii
= 8πGϕ′δϕ′ ,
(ψ′ +Hφ),i = 4πGϕ′δϕ,i ,
D,ij = 0 , (17)
where D = φ − ψ + 2H(B − E′) + B′ − E′′ and ∇2 is
the Laplace operator on the constant time hyper-surface.
The above equations of motion correspond to the (00),
(ii), (0i) and (ij) (off diagonal) components of the per-
turbed Einstein equations, respectively. Again, one finds
that the scalar field potential does not show up in the
equations of motion. At first glance, it seems like that the
potential does not leave any effect on the spacetime ge-
ometry. However, this is not true since we also must con-
sider the perturbed Klein-Gordon equation which reads
δϕ′′ + 2Hδϕ′ −∇2δϕ+ a2V,ϕϕδϕ− ϕ′(φ+ 3ψ)′
+ 2a2V,ϕφ− ϕ′∇2(B − E′) = 0 . (18)
As we will show, the potential V affects the dynamics of
the metric perturbations due to the combination of the
perturbed Klein-Gordon and the Einstein equations.
Different from GR, in unimodular gravity there is an
extra constraint on the determinant of the metric, namely
gµνδgµν = 0, which at the level of linear fluctuations
implies,
∇2E + φ− 3ψ = 0. (19)
As a result, the gauge freedom is different from that in
GR. The preferred gauge choices in GR such as longitu-
dinal gauge and synchronous gauge are not available in
unimodular gravity. This can be easily seen, as shown in
the following subsection.
B. Gauge freedom
Since we are only interested in the scalar type metric
perturbations, we focus on those diffeomorphisms which
preserve the scalar form. The most general ones can be
described by two functions ξ0 and ξ which induce the
following coordinate transformation,
τ → τ˜ = τ + ξ0(τ, ~x) ,
xi → x˜i = xi + γijξ,j(τ, ~x) . (20)
In GR, ξ0 and ξ are two independent functions. However,
in unimodular gravity they are related by,
∇2ξ + ξ0′ + 4Hξ0 = 0 . (21)
The above coordinate transformation induce the fol-
lowing changes in the metric variables,
φ˜ = φ− (a′/a)ξ0 − ξ0′ , ψ˜ = ψ + (a′/a)ξ0 ,
B˜ = B + ξ0 − ξ′ , E˜ = E − ξ . (22)
Neither δGˆµν or δTˆ
µ
ν is gauge-invariant. However, as in
GR we can construct gauge-invariant variables
Φ = φ+ (1/a)[(B − E′)a]′ ,
Ψ = ψ − (a′/a)(B − E′) , (23)
and correspondingly we have the gauge-invariant trace-
free Einstein tensor δGˆ(gi)µν :
δGˆ(gi)00 = δGˆ
0
0 + (
(0)Gˆ00)
′(B − E′) ,
δGˆ(gi)0i = δGˆ
0
i + (
(0)Gˆ00 −
1
3
(0)Gˆkk)(B − E′),i ,
δGˆ(gi)ij = δGˆ
i
j + (
(0)Gˆij)
′(B − E′) . (24)
Similarly, we can obtain the gauge-invariable trace-free
stress-energy tensor δTˆ (gi)µν . We then obtain the gauge-
invariant equations for cosmological perturbations,
Ψ′′ +H(Φ′ −Ψ′) + 1
3
∇2(Φ + 2Ψ) = 8πGϕ′δϕ(gi)′,
Ψ′′ +H(Φ′ −Ψ′) +∇2Φ− 2(Φ−Ψ),ii = 8πGϕ′δϕ(gi)′,
(HΦ +Ψ′),i = 4πGϕ′δϕ(gi),i ,
(Φ−Ψ),ij = 0, (25)
where δϕ(gi) = δϕ+ ϕ′(B − E′).
From the off diagonal component equation it follows,
as in GR, that Φ = Ψ. Then the remaining perturbation
equations simplify to:
Φ′′ +∇2Φ = 8πGϕ′δϕ(gi) ′,
HΦ+ Φ′ = 4πGϕ′δϕ(gi), . (26)
In addition, there is the unimodular constraint equation
(B′ − E′′) + 4H(B − E′)−∇2E + 2Φ = 0 , (27)
which is derived from the constraint on the determinant
(19). The two equations of (26) do not depend on the B
and E modes, and they can be identified as two of the
three total perturbation equations from GR. Although it
looks like that GR has one more equation, only two of the
three are dynamically independent. Thus, we conclude
that the dynamics of the gauge invariant relativistic grav-
itational potential in unimodular gravity is the same as
in GR. We can see this in more detail as follows. Mak-
ing use of the second equation of (26) to express ϕ(gi)
in terms of Φ′ and Φ and then substituting the result
into the first equation, one then obtains a second-order
differential equation for Φ, which is written as
Φ′′ + 2(H− ϕ
′′
ϕ′
)Φ′ −∇2Φ + 2(H′ −Hϕ
′′
ϕ′
)Φ = 0 . (28)
5This main perturbation equation is exactly the same as
the one derived in GR. Consequently, we can follow the
standard procedure in traditional cosmological perturba-
tion theory and define the quantity ζ by
ζ = Φ+
2
3
Φ˙ +HΦ
H(1 + w)
, w =
P
ǫ
, (29)
with P being the pressure, ǫ the energy density and w the
equation of state, respectively. This quantity is conserved
when the wavelength of the mode being considered is
larger than the Hubble radius [46]. The Klein-Gordon
equation for the gauge invariant field fluctuation δϕ(gi)
is given by
δϕ(gi)′′ + 2Hδϕ(gi)′ −∇2δϕ(gi) + V,ϕϕa2δϕ(gi)
− 4ϕ′Φ′ + 2V,ϕa2Φ = 0 . (30)
which also decouples from B and E. Thus, this system
of perturbation equations is closed and contains only one
independent scalar degree of freedom, which can be taken
to be either Φ or δϕ(gi) [47]
However, because in unimodular gravity there is only
one scalar gauge degree of freedom, it is not possible to
impose either longitudinal gauge or synchronous gauge,
two of the gauges most commonly used in cosmological
perturbation theory. Because of the reduced gauge sym-
metry we can define another gauge invariant perturbation
variable:
Σ = B − E′ +
∫ τ
dτ˜ [4H(B − E′)−∇2E] , (31)
which can be set to zero in GR via the gauge transfor-
mation which is lost in unimodular gravity. Now, in uni-
modular gravity we have a new constraint equation which
relates the fluctuation variables and yields
Σ′ = −2Φ . (32)
Thus, Σ is not an independent dynamical degree of free-
dom.
We can use the single scalar gauge degree of freedom
to set either B = 0 or B = E′. This choice will sim-
plify the perturbation analysis but does not change the
solution of the second order partial differential equation
for Φ. It only affects the relationship between B, E and
Φ, as shown in the unimodular constraint equation (19)
(or (27)). In order to compare with the perturbation
analysis in longitudinal gauge in GR, we will from now
on specifically choose the E = 0 gauge in unimodular
gravity. Then the constraint equation reduces to
2Φ + 4HB +B′ = 0 . (33)
Combining this constraint with the relation
Φ = Ψ = ψ −HB = φ+HB +B′ , (34)
one gets
φ = 3ψ , (35)
in this case.
As in the case of GR, when we consider perturbation
modes with wavelengths larger than the Hubble radius
during a phase of cosmological evolution with constant
background equation of state, then Φ is almost constant.
In this case, the constraint equation can be integrated
and yields an expression for B in terms of Φ. Namely,
in the radiation-dominated period (when H ≃ 1/τ), one
obtains the approximate solution in the long wavelength
regime as
B ≃ −2τ
5
Φ
∣∣
radiation
. (36)
Moreover, in the matter-dominated period (when H ≃
2/τ), the solution takes the form of
B ≃ −2τ
9
Φ
∣∣
matter
. (37)
In the above two approximate solutions, we have ne-
glected the decaying modes and the dominant modes are
growing linearly in comoving time as the universe ex-
pands. This scalar type metric perturbation cannot be
removed through a gauge choice in unimodular gravity
and thus leads to the possibility of observationally dis-
tinguishing unimodular gravity from GR. This will be
analyzed in Section IV.
C. A universe filled with a single perfect fluid
For completeness we consider in this subsection the
case when matter consists of a perfect fluid. The stress-
energy tensor of a perfect fluid takes the form
Tαβ = (ǫ+ P )u
αuβ − Pδαβ , (38)
where the definitions of ǫ and P are the same as in the
previous subsection, and uα is the four-velocity of the
perfect fluid.
Following the analysis in the case of scalar field mat-
ter, we see that in unimodular gravity there is only one
background equation of motion which in terms of cosmic
time is given by,
H˙ = −4πG(ǫ+ P ) , (39)
while in terms of comoving time it takes the form
H′ −H2 = −4πGa2(ǫ+ P ) . (40)
Notice that in GR the single perfect fluid satisfies
the stress-energy conservation as a consequence of the
Bianchi identity, but in unimodular gravity it is no longer
a consequence of this geometrical identity but must be
introduced as a separate assumption [31]. The conser-
vation of stress-energy tensor in the FRW background
gives
ǫ′ + 3H(ǫ+ P ) = 0 . (41)
6Multiplying 6H on both sides of (40) and then combining
with (41), we easily derive
(H2
a2
)′
=
8πG
3
ǫ′ , (42)
from which we again recover the standard Friedman
equation plus an arbitrary integration constant. This
constant may be fixed by the current measurements of
the Hubble diagram if one expects it to be responsible
for the late-time acceleration of the universe.
We only consider metric perturbations of scalar type,
since they are the only one to couple to matter. The
perturbed stress-energy tensor of matter has the form
δT µν =
(
δǫ −(ǫ+ P )a−1ui
(ǫ + P )aui −δPδij
)
, (43)
where δǫ and δP are the perturbed energy density and
pressure, respectively.
As has been shown in the previous subsection, at the
background level the regular Einstein equation can be
recovered from the trace-free Einstein equation combined
with the continuity equation. This has been verified for
a universe filled by a single scalar field, as well as for the
perfect fluid of this subsection.
For a perfect fluid, the continuity equation for the fluc-
tuations is valid. Therefore, the field equations for the
fluctuations will be the same as those in GR with one
extra constraint due to the unimodular coordinate con-
dition. In analogy with the perturbation analysis of the
scalar field case, it follows that the equation of motion
for the relativistic potential is,
Φ′′ + (2H′ − 2H2)Φ +∇2Φ
= 4πGa2(δǫ(gi) + δP (gi)) ,
(aΦ)′,i = 4πGa
2(ǫ+ P )δu
(gi)
i , (44)
where
δǫ(gi) = δǫ + ǫ′0(B − E′) ,
δp(gi) = δp+ p′0(B − E′) ,
δu
(gi)
i = δui + a(B − E′),i . (45)
In addition, the unimodular constraint equation is given
by (27). Therefore, the gauge-invariant quantity ζ is con-
served on large wavelengths also in the case of the uni-
verse filled with a perfect fluid.
IV. COSMOLOGICAL PERTURBATIONS
AFTER THE PRIMORDIAL EPOCH
In this section we will discuss the implications of the
modified cosmological fluctuation equations for present
day cosmological observations. We are specifically inter-
ested in the relation between the amplitude of the CMB
anisotropies and that of the large-scale structure fluctu-
ations which are given by the relativistic potential. We
will find that unimodular gravity predicts a different rela-
tionship. Since on large angular scales the GR prediction
has now been verified to very good accuracy by current
observations, the difference between the predictions of
unimodular gravity and GR are tightly constrained. To
study this issue, we must generalize the Sachs-Wolfe [36]
analysis to the case of unimodular gravity. We find that
the difference is suppressed on large angular scales, and
hence does not provide an interesting constraint on uni-
modular gravity.
In the following, we must follow the photon geodesics
from the time of decoupling to the present. The initial
conditions are determined in the baryon-radiation plasma
era before recombination. Hence, we will first start with
an analysis of this plasma, followed by a review of the
Boltzmann equation which describes the photon gas, be-
fore turning to the propagation of photons to the present
time.
A. Baryon-radiation plasma
Before recombination, baryon matter and radiation are
strongly coupled and hence the cosmic system can be
approximately treated as a single imperfect fluid. The
corresponding energy-momentum tensor is given by [42],
Tαβ = (ǫ+P )u
αuβ−P δαβ−η(Pαγ uβ ;γ+Pγβuα;γ−
2
3
Pαβ uγ ;γ) ,
(46)
where η is the shear viscosity coefficient and Pαβ = δαβ −
uαuβ is the projection operator. The energy-momentum
tensor is assumed to be conserved. Accordingly, the per-
turbed (00) component equation at the linear order can
be calculated as,
δǫ′+3H(δǫ+δP )−3(ǫ+P )ψ′+a(ǫ+P )ui,i−2ηH∇2
B
a
= 0 .
(47)
Note that if we keep the B term in the metric, then
the shear viscosity appears in the perturbed continuity
equation. This is required in the theory of unimodular
gravity as discussed in the previous section. This term is
proportional to ∇2 and thus is negligible for perturbation
modes with long wavelengths, but for modes with short
wavelengths it would become significant.
If we consider the long-wavelength regime, when the
baryons are non-relativistic, the energy conservation law
is valid for both the baryon matter and the radiation sep-
arately. In this case, for the perturbation of the radiation
sector, we get
(δγ − 4ψ)′ + 4
3
aui,i = 0 , (48)
where we define the fractional radiation density pertur-
bation as δγ ≡ δǫγǫγ . The (0i) component of the energy-
momentum tensor is given by
T i0 = a(ǫ+ p)u
i − ηHB,i
a
, (49)
7and again the shear viscosity appears due to the existence
of the B term. On large length scales, one can neglect the
last term in (49) and derive the following useful relation
T i0,i =
4
3
ǫγu0u
i
,i = (4ψ − δγ)′ǫγ , (50)
where (48) has been applied.
B. The Boltzmann equation
During the period of recombination, then as more and
more hydrogen atoms form and the temperature drops,
photons cease to interact with matter. Afterwards, we
can view the photons as a gas of noninteracting identical
particles described by kinetic equations. The distribu-
tion function f , characterizing the number density N of
photons in one-particle phase space, is defined by
dN = f(τ, xi, pi)d
3xd3p , (51)
where the position of the particle is given by xi(τ) and its
3-momentum is pi(τ). For noninteracting particles the
distribution function obeys the collisionless Boltzmann
equation
Df(τ, xi(τ), pi(τ))
Dτ
≡ ∂f
∂τ
+
dxi
dτ
∂f
∂xi
+
dpi
dτ
∂f
∂pi
= 0 , (52)
where dxi/dτ and dpi/dτ are the derivatives calculated
along the geodesics.
For an observer with 4-velocity uα in an arbitrary co-
ordinate system and a photon with 4-momentum pα, the
frequency of this photon measured by the observer is
given by
ω = pαu
α . (53)
If the radiation coming to an observer from different di-
rections
li ≡ − pi
Σp2i
1/2
, (54)
has a Planck spectrum, then the distribution function is
f = f(
ω
T
) ≡ 2
exp(ω/T (τ, xi, li))− 1 , (55)
which depends not only on the direction li but also on the
observer’s location xi at the moment of comoving time
τ . In a nearly isotropic universe, the temperature can be
decomposed as
T (xα, li) = T¯ (τ) + δT (xα, li) , (56)
with T¯ being the average background temperature and
δT the temperature fluctuation.
C. The Sachs-Wolfe effect
By solving the Boltzmann equation for freely propa-
gating radiation we can find the relationship between the
temperature fluctuations and the gravitational potential.
We work in the E = 0 gauge as we have in the previous
section. Thus the metric perturbations of scalar type in-
volve only φ, ψ and B. We start with the geodesic equa-
tions for radiation in an arbitrarily curved spacetime,
dxα
dλ
= pα ,
dpα
dλ
=
1
2
∂gγδ
∂xα
pγpδ , (57)
where λ is an affine parameter along the geodesic. For
photons we have pαpα = 0. Using this relation, then, up
to the first order in the metric perturbations, one obtains
p0 =
p
a2
(1 + ψ − φ) ,
p0 = p (1 + ψ + φ− liB,i) , (58)
where we have introduced p ≡ |p| = (Σpi2)1/2. Accord-
ing to (57), we have
dxi
dτ
=
pi
p0
= li (1 + ψ + φ)−B,i ,
dpi
dτ
=
1
2
∂gγδ
∂xi
pγpδ
p0
= p (ψ,i + φ,i − ljB,ji) . (59)
Therefore, the Boltzmann equation takes the form
∂f
∂τ
+
[
li (1 + φ+ ψ)−B,i
] ∂f
∂xi
+ p (ψ,i + φ,i − ljB,ji) ∂f
∂pi
= 0 . (60)
As f is a function of only the redshifted frequency
y ≡ ω
T
=
p0
T
√
g00
≃ 1
T¯ a
[p(1 + ψ − δT
T¯
) +B,ipi] , (61)
then at the background level the Boltzmann equation
simply yields (T¯ a)′ = 0. Thus, it yields to the well-known
relation that in a homogeneous universe the temperature
is inversely proportional to the scale factor.
By expanding to linear order in cosmological pertur-
bations, the Boltzmann equation becomes
(
∂
∂τ
+ li
∂
∂xi
)(φ +
δT
T0
+B
′
) =
∂
∂τ
(2Φ) , (62)
where we have applied the expressions (23) and the gauge
choice E = 0 in the right hand side of the above equation.
This equation determines the dynamics of the tempera-
ture fluctuations of the CMB. At the moment of recombi-
nation, the universe is already in the matter-dominated
phase. Recall that in this phase we have B′ ≃ −2Φ/9,
which follows from the solution (37) for the perturbation
8modes on large wavelengths. Since the gravitational po-
tential is constant on super-Hubble scales in the matter-
dominated phase, then the right hand side of (62) van-
ishes, and hence we derive the generalized SW effect
(φ +
δT
T¯
+B
′
) = const , (63)
along null geodesics. Comparing with the traditional SW
effect [36] in GR, we notice that the nonzero metric per-
turbation B required by unimodular gravity contributes
to the CMB anisotropies, and one might expect that this
would lead to significant observational effects.
D. Initial conditions
Consider again the geodesics of the CMB photons ar-
riving from the direction li seen by an observer at the
present time τ0 located at x
i
0. Making use of the leading
terms of Eq. (59), one obtains
xi(τ) ≃ xi0 + li(τ − τ0) . (64)
Then the fractional temperature fluctuation δTT in the di-
rection li on the sky seen today is related to that emitted
from the moment of recombination through the following
equation:
δT
T
(τ0, x
i
0, l
i) =
δT
T
(τrec, x
i
rec, l
i) + φ(τrec, x
i
rec)− φ(τ0, xi0)
+B
′
(τrec, x
i
rec)−B
′
(τ0, x
i
0) , (65)
where τrec corresponds to the moment of recombination
and xirec ≡ xi(τr) can be identified by Eq. (64). Since
we are interested in the li dependence of the tempera-
ture fluctuations and the φ(τ0, x
i
0) term only contributes
to the monopole component, we will neglect this term
from now on. As a result, the angular dependence of the
CMB anisotropies seen today ( δTT )0 is determined by the
following three terms: (1) the initial temperature fluctu-
ations on the last scattering surface; (2) the amplitude of
the metric perturbation in the g00 component (the red-
shift term); (3) the amplitude of the metric perturbation
in the g0i component along the direction l
i (the Doppler
term).
The first contribution, ( δTT )rec, can be evaluated in
terms of the metric perturbations and the fluctuations of
the radiation energy density δγ =
δǫγ
ǫγ
on the last scatter-
ing surface. To derive the precise relation, one uses the
matching conditions between the hydrodynamic energy-
momentum tensor, which describes the radiation before
decoupling, and the kinetic energy-momentum tensor,
which characterizes the gas of free photons after decou-
pling,
Tαβ =
1√−g
∫
f
pαpβ
p0
d3p . (66)
Substituting the perturbed metric into the above equa-
tion and taking a Planckian distribution, we can eas-
ily obtain the (00) component of the kinetic energy-
momentum tensor. The result is
T 00 ≃ T¯ 4
∫
dyd2l [1 + 4
δT
T
+ 3liB,i]f(y)y
3 , (67)
with the parameter y being defined in (61). The integra-
tion over y can be done straightforwardly and the result
combined with 4πT¯ 4 represents the energy density of the
photon gas after recombination. This expression ought
to match continuously to the (00) component of the hy-
drodynamic energy-momentum tensor:
T 00 = ǫγ(1 + δγ) , (68)
at the moment of recombination. This matching condi-
tion implies
δγ =
∫
(4
δT
T
+ 3liB,i)
d2l
4π
(69)
Similarly, one can derive from (66) the (0i) component
of the kinetic energy-momentum tensor as
T i0 ≃ ǫγ
∫
(4li
δT
T
− 2liljB,j −B,i)d
2l
4π
. (70)
By calculating the divergence of this term and compar-
ing it to the divergence of the hydrodynamical energy-
momentum tensor for radiation before recombination as
provided in (50), we get following the second matching
condition
δ′γ ≃
∫ [− 3li∇iB,j lj +∇iB,i − 4li∇i(δT
T
)
]d2l
4π
, (71)
where we have made use of the constancy of φ on
super-Hubble scales in the matter dominated period, i.e.
φ′(τrec) = 0.
It is convenient to study the dynamics of cosmological
perturbations in Fourier space since the Fourier modes
evolve independently at linear order. In order to sat-
isfy the two above matching relations (69) and (71),
we find that in Fourier space the fractional temperature
anisotropies are related to the density fluctuations of ra-
diation and the metric perturbations as follows,
(
δT
T
)k(τrec, l
i) =
1
4
δk +
1
4
3 i
k2
(kml
m)δ′
k
− 3
4
(lmkm)Bk(τrec, l
i) . (72)
Substituting the above relation into the Fourier form of
(65), we can derive the final expression for the temper-
ature fluctuations in the direction li as observed at the
comoving location x0, which turns out to be:
δT
T
(τ0,x0, l
i) =
∫
d3k
(2π)3/2
[[
φk − 3
4
(k · l)Bk +B
′
k +
δk
4
]
− 3 δ
′
k
4k2
∂
∂τ0
]
τrec
eik·[x0+l(τrec−τ0)] , (73)
9where k ≡ |k| and k·l ≡ kili. The terms appearing in the
fist line on the right hand side of Eq. (73) represent the
combined result from the initial inhomogeneities in the
radiation energy density itself and the SW effect. The
time-derivative term in the second line is related to the
velocity of the baryon-radiation plasma at recombination.
E. Anisotropies on large angular scales
The density fluctuations of radiation are related to the
gravitational potential ψ through Eq. (48). We neglect
the velocity term in (48), which is a good approximation
in the long-wavelength regime, and then integrate this
equation to arrive the following relation:
δγ − 4ψ = C , (74)
where C is an integration constant to be determined.
Consider the universe during the epoch of radiation dom-
ination. The gravitational potential stays constant on su-
per Hubble scales and hence its value is inherited from the
primordial era (such as the one generated during infla-
tion or an early universe period in one of the alternatives
to inflation [48]). If the fluctuations are purely adiabatic
then there is the well known relation
δ(gi)γ ≃ −2Φ(τ ≪ τeq) ≡ −2Φin , (75)
where the subscript “in” refers to some moment in the
early universe before the time of last scattering. We thus
see that the radiation density fluctuation is given by the
gravitational potential. If we choose the gauge E = 0
as we did in Section III, then we can use the relation
for the gauge variant potential Φ = ψ − HB, together
with δ
(gi)
γ = δγ − 4HB . Then, we can determine the
integration constant C with the result
C = −6Φin . (76)
Note that if the B term were already important in either
the primordial era or the radiation-dominated phase, the
above coefficient would obtain an extra contribution, and
correspondingly the modification to the SW effect could
be even more significant.
After the moment of matter-radiation equality, the
cold matter becomes dominant and the equation of state
of matter changes. The leads to a change in the value of
the gravitational potential Φ on large scales by a factor
of 9/10 (this comes from the conservation of ζ, see (29)).
Afterwards Φ remains constant and so we have,
Φ(τ ≫ τeq) ≃ 9
10
Φin . (77)
Taking into account that during the period of radiation
domination there is (36), we find that, when the universe
evolves to the recombination, Eq. (74) yields
δγ(τrec) = C + 4ψ(τrec)
≃ −8
3
ψ(τrec) + 4H(τrec)B(τrec) . (78)
Substituting the above expression into Eq. (73), and
then applying the approximation that δ′
k
≃ 0 on large
length scales during the radiation-dominated phase, we
then obtain the following formula for the resulting tem-
perature fluctuations
δT
T
(τ0,x0, l
i) ≃ 1
3
Φ(τrec,x0 − lτ0) + ∆UG , (79)
in terms of the gauge invariant variable Φ. The first
term on the right hand side of the above expression cor-
responds to the result obtained from in GR which says
that the amplitude of temperature fluctuation amplitude
is given by one third of the gravitational potential on the
last scattering surface from which the photons were pro-
duced. The second term is the correction term which ap-
pears in unimodular gravity and which is a consequence
of the non-vanishing quantity B. It takes the form,
∆UG =
∫
d3k
(2π)3/2
[
− (3
4
(k · l)Bk
]
τrec
× eik·(x0+l(τrec−τ0)) . (80)
We find that the effect of including the shift B on large
scales is only dipole. The prediction from unimodular
gravity on CMB is then indistinguishable on these scales
from that from GR based on current measurements.
We have neglected the contribution of radiation to the
gravitational potential at recombination and the inte-
grated SW effect, which may lead to important obser-
vational signatures. The amplitude of the matter power
spectrum has recently been measured quite accurately,
in particular via comparisons of weak gravitational lens-
ing with galaxy clustering (see e.g. [44]), from SZ cluster
studies (see e.g. [45]) and from CMB observations (see
e.g. [33]). Based on current data, the “bias” parameter b
which measures the amplitude of the gravitational poten-
tial relative to that of the distribution of visible galaxies,
has been determined to an accuracy of better than 3% (1
sigma confidence) [33]. Hence, it is worth while studying
fluctuations in unimodular gravity in more detail than
what we have done so far.
V. CONCLUSION
The idea of unimodular gravity has recently been dis-
cussed extensively in the literature since it resolves the
“old” cosmological constant problem, i.e., the problem of
explaining why the large expected value of quantum vac-
uum energy does not gravitate (a problem that involves
quantum physics), by replacing it with a classical prob-
lem of fixing an integration constant in the solution of
the field equation. In unimodular gravity, the symme-
try group of the theory is reduced from invariance under
the full space-time diffeomorphism group to that under
unimodular coordinate transformations. The equations
of motion for space-time become the trace-free Einstein
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equations and thus any potential energy, including vac-
uum energy from the matter fields, is decoupled from
the gravitational equations. However, the derivative of
a scalar field potential appears in the matter equations
and thus can still can affect the evolution of space-time.
It turns out that the background equations of motion
for cosmology obtained in unimodular gravity are clas-
sically the same as those in GR with the addition of an
integration constant which can play the role of the cos-
mological constant. This leads to the interesting question
as to whether the theory of unimodular gravity can be
distinguished from GR by experiments. There have been
attempts at finding a difference by taking into account
quantum effects (see e.g. [15, 19, 23, 29]). So far, how-
ever, almost all the results are of theoretical interest only
and far from being close to any currently practical exper-
imental test.
In the present paper, we have studied whether uni-
modular gravity can be distinguished from GR at the
level of cosmological inhomogeneities. We have devel-
oped the theory of cosmological perturbations for uni-
modular gravity, with particular emphasis on the gauge
freedom of metric perturbations of scalar type under the
group of unimodular coordinate transformations. Our
results show that the equation of motion for the gravita-
tional potential is unchanged compared with the result
in GR. However, there exists another metric perturba-
tion variable which cannot be set to zero in unimodular
gravity, unlike the situation in GR. This is a consequence
of the reduced gauge symmetry. On the other hand, the
new constraint equation relates this variable to the grav-
itational potential such that it is not an independent dy-
namical entity. This variable corresponds to the shift in
the perturbed metric, and its value grows in an expand-
ing universe.
We have generalized the Sachs-Wolfe (SW) analysis of
the relation between gravitational potential and CMB
anisotropies to the case of unimodular gravity. Our re-
sults show that the extra metric variable leads both to
a modification of the gravitational potential contribution
to the CMB anisotropies, and also to a change in the
geodesics of light between recombination and the present
time. Assuming adiabatic fluctuations, we have shown
that on large length scales the relationship between the
amplitude of the predicted CMB anisotropies and the
amplitude of the gravitational potential differs from the
result obtained in GR only by a dipole-like term which is
suppressed on large scales. This result was derived un-
der the conservative assumption of neglecting any con-
tribution of the shift during the primordial period before
recombination. Since the observational bounds on the
difference of the predictions from those obtained in GR
are tight, it is worth while to revisit our conservative
assumptions.
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